N=1 super sinh-Gordon model with defects revisited by Aguirre, A. R. et al.
ar
X
iv
:1
41
2.
25
79
v1
  [
nli
n.S
I] 
 8 
De
c 2
01
4
N = 1 super sinh-Gordon model with defects revisited
A.R. Aguirre1, J.F. Gomes2, N.I. Spano3 and A.H. Zimerman4
Instituto de F´ısica Teo´rica - IFT/UNESP,
Rua Doutor Bento Teobaldo Ferraz, 271, Bloco II, CEP 01140-070,
Sa˜o Paulo - SP, Brasil.
Abstract
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1 Introduction
Defects in integrable classical field theories have been an intensively studied topic in recent
years [1]–[13]. They were initially introduced in [1, 2] as internal boundary conditions de-
scribed by a local Lagrangian density located at a fixed point, and it was shown for several
type of bosonic field theories ,that these conditions correspond to frozen Backlund transfor-
mations and preserve integrability in the defect models. When the fields on either side of
the defect only interact with each other at the boundary is referred to as a type-I defect.
However, it was shown in [3] that additional degrees of freedom associated to the defect itself
can be also introduced through auxiliary fields which only exist at the defect point. These
kind of defect are named type-II defects.
More recently it was also suggested a different and rather systematic approach to defects
in classical integrable field theories [4]. The inverse scattering method formalism is used and
the defect conditions are encoded in a defect matrix. This approach provided an elegant way
to compute the modified conserved quantities, ensuring integrability. Using this framework
the generating function for the modified conserved charges for any integrable evolution equa-
tion of the AKNS scheme were computed, and the type-II Backlund transformations for the
sine-Gordon and Tzitze´ica-Bullough-Dodd models had been also recovered [5]. The massive
Thirring [6] and the supersymmetric Liouville [7] models have been also considered.
On the other hand, the question of involutivity of the modified conserved charges has
been addressed for several models [8]–[11], by using essentially the algebraic framework of the
classical r-matrix approach, and a modified transition matrix to describe integrable defects.
The presence of integrable defects in the N = 1 supersymmetric sinh-Gordon (sshG)
model was discussed in [12], under the Lagrangian formalism and Backlund transformations.
The authors have introduced a “partially” type-II defect in the model since only a fermionic
2
auxiliary field appears in the defect Lagrangian, and the integrability was considered in terms
of zero curvature representation.
The purpose of this paper is to study the integrability of the N = 1 sshG model from
the defect matrix approach, in order to establish the existence of a generating function for
an infinite set of modified conserved quantities. In section 2, we briefly review the defect
N = 1 sshG model, present the supersymmetry transformations that leave the total (bulk
+ defect) action invariant and derive the defect contribution to the supercharge from the
Lagrangian formalism. In section 3 we present the Lax pair formalism and derive explicitly
the defect matrix for the N = 1 sshG model. In section 4 we introduce the associated
linear problem to discuss the conservation laws and then we compute the corresponding
defect contributions to the modified conserved quantities. In section 5 we discuss further
solutions for the defect matrix leading in the special case of the pure bosonic limit to a
type-II Backlund transformation. This fact suggests the derivation of the type-II Backlund
transformation for the N = 1 supersymmetric sinh-Gordon system.
2 Review of the Lagrangian description
The Lagrangian density describing the N = 1 sshG model with type-I defects can be written
as follows [12],
L = θ(−x)L1 + θ(x)L2 + δ(x) LD, (2.1)
with
Lp =
1
2
(∂xφp)
2 −
1
2
(∂tφp)
2 + ψ¯p(∂t − ∂x)ψ¯p + ψp(∂t + ∂x)ψp + Vp(φp)
+Wp(φp, ψp, ψ¯p), (2.2)
LD =
1
2
(φ2∂tφ1 − φ1∂tφ2)− ψ1ψ2 − ψ¯1ψ¯2 + 2f1∂tf1 +B0(φ1, φ2)
+ B1(φ1, φ2, ψ1, ψ2, ψ¯1, ψ¯2, f1), (2.3)
where φp are real scalar fields, and ψp, ψ¯p are the components of Majorana spinor fields in
the regions x < 0 (p = 1) and x > 0 (p = 2) respectively, with the corresponding potentials
given by
Vp = 4 cosh(2φp), Wp = 8ψ¯pψp cosh φp, (2.4)
B0 = −
4
ω2
cosh(φ1 + φ2)− ω
2 cosh(φ1 − φ2), (2.5)
B1 = −
4i
ω
cosh
(
φ1 + φ2
2
)
f1(ψ¯1 + ψ¯2) + 2iω cosh
(
φ1 − φ2
2
)
f1(ψ1 − ψ2). (2.6)
The bulk fields equations are,
∂2xφp − ∂
2
t φp = 8 sinh(2φp) + 8 ψ¯pψp sinhφp,
(∂x − ∂t)ψ¯p = 4ψp coshφp,
(∂x + ∂t)ψp = 4 ψ¯p coshφp, p = 1, 2, (2.7)
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and the defect conditions at x = 0 are given by
∂xφ1 − ∂tφ2 = ω
2 sinh(φ1 − φ2) +
4
ω2
sinh(φ1 + φ2) +
2i
ω
sinh
(
φ1 + φ2
2
)
f1(ψ¯1 + ψ¯2)
−iω sinh
(
φ1 − φ2
2
)
f1(ψ1 − ψ2), (2.8)
∂xφ2 − ∂tφ1 = ω
2 sinh(φ1 − φ2)−
4
ω2
sinh(φ1 + φ2)−
2i
ω
sinh
(
φ1 + φ2
2
)
f1(ψ¯1 + ψ¯2)
−iω sinh
(
φ1 − φ2
2
)
f1(ψ1 − ψ2), (2.9)
ψ1 + ψ2 = −2iω cosh
(
φ1 − φ2
2
)
f1, (2.10)
ψ¯1 − ψ¯2 = −
4i
ω
cosh
(
φ1 + φ2
2
)
f1, (2.11)
∂tf1 =
i
ω
cosh
(
φ1 + φ2
2
)
(ψ¯1 + ψ¯2)−
iω
2
cosh
(
φ1 − φ2
2
)
(ψ1 − ψ2). (2.12)
Here we have a fermionic degree of freedom f1 at the defect which anticommutes with the
fields ψp and ψ¯p. If we also consider the x-derivative of f1,
∂xf1 =
i
ω
cosh
(
φ1 + φ2
2
)
(ψ¯1 + ψ¯2)−
iω
2
cosh
(
φ1 − φ2
2
)
(ψ1 − ψ2), (2.13)
the eqns (2.8)–(2.13) become the Backlund transformations for the supersymmetric sinh-
Gordon model [20]. From this Lagrangian density we derive the canonical momentum
P =
∫ 0
−∞
dx
(
∂tφ1∂xφ1 − ψ¯1∂xψ¯1 − ψ1∂xψ1
)
+
∫ +∞
0
dx
(
∂tφ2∂xφ2 − ψ¯2∂xψ¯2 − ψ2∂xψ2
)
, (2.14)
and by computing its time derivative, it was shown in [12] that the modified momentum,
namely,
P = P + (ψ¯2ψ¯1 + ψ1ψ2) +
[
ω2 cosh(φ1 − φ2)−
4
ω2
cosh(φ1 + φ2)
]
+
[4i
ω
cosh
(
φ1 + φ2
2
)
(ψ¯1 + ψ¯2) + 2iω cosh
(
φ1 − φ2
2
)
(ψ1 − ψ2)
]
f1, (2.15)
is conserved after using properly the defect conditions (2.8)–(2.12). Analogously, for the
energy,
E =
∫ 0
−∞
dx
[1
2
(∂xφ1)
2 +
1
2
(∂tφ1)
2 − ψ¯1∂xψ¯1 + ψ1∂xψ1 + 4 cosh(2φ1) + 8ψ¯1ψ1 coshφ1
]
+
∫ +∞
0
dx
[1
2
(∂xφ2)
2 +
1
2
(∂tφ2)
2 − ψ¯2∂xψ¯2 + ψ2∂xψ2 + 4 cosh(2φ2) + 8ψ¯2ψ2 coshφ2
]
,(2.16)
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the modified conserved energy is given by,
E = E + (ψ¯2ψ¯1 − ψ1ψ2)−
[
ω2 cosh(φ1 − φ2) +
4
ω2
cosh(φ1 + φ2)
]
+
[4i
ω
cosh
(
φ1 + φ2
2
)
(ψ¯1 + ψ¯2)− 2iω cosh
(
φ1 − φ2
2
)
(ψ1 − ψ2)
]
f1. (2.17)
In addition, the total action (bulk + defect) for the defect sshG model is invariant under the
supersymmetry (susy) transformations5,
δsφp = ε ψp + ε¯ ψ¯p, (2.18)
δsψp = −ε ∂−φp + 2ε¯ sinh φp, (2.19)
δsψ¯p = ε¯ ∂+φp − 2ε sinhφp, p = 1, 2, (2.20)
together with susy transformation of the auxiliary fermionic field (see Appendix A),
δsf1 = −iω ε sinh
(
φ1 − φ2
2
)
+
2iε¯
ω
sinh
(
φ1 + φ2
2
)
. (2.21)
After introducing the defect at x = 0, the corresponding supercharges read as follows,
Qε = −
∫ 0
−∞
dx
(
2ψ1 ∂−φ1 + 4ψ¯1 sinhφ1
)
−
∫ ∞
0
dx
(
2ψ2 ∂−φ2 + 4ψ¯2 sinh φ2
)
,
Q¯ε¯ =
∫ 0
−∞
dx
(
2ψ¯1 ∂+φ1 + 4ψ1 sinhφ1
)
+
∫ ∞
0
dx
(
2ψ¯2 ∂+φ2 + 4ψ2 sinhφ2
)
. (2.22)
Now, by taking the time-derivative respectively, we get
dQε
dt
=
[
2ψ1 ∂−φ1 − 4ψ¯1 sinh φ1 − 2ψ2 ∂−φ2 + 4ψ¯2 sinh φ2
]
x=0
(2.23)
and
dQ¯ε
dt
=
[
2ψ¯1 ∂+φ1 − 4ψ1 sinhφ1 − 2ψ¯2 ∂+φ2 + 4ψ2 sinhφ2
]
x=0
. (2.24)
Then, by considering the defect conditions (2.8)– (2.12), we find that the modified conserved
supercharges take the following form [15],
Q = Qε +QD, and Q¯ = Q¯ε¯ + Q¯D, (2.25)
where
QD = −4iω
[
sinh
(φ1 − φ2
2
)
f1
]
x=0
, and Q¯D =
8i
ω
[
sinh
(φ1 + φ2
2
)
f1
]
x=0
. (2.26)
5The light-cone coordinates are taken to be x± = x± t, and therefore ∂± =
1
2
(∂x ± ∂t)
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3 Lax formulation and defect matrix
The N = 1 sshG equation can be derived as a compatibility condition of the following linear
system of first-order differential equations,
∂±Ψ(x±, λ) = −A±Ψ(x±, λ), (3.1)
where Ψ(x±, λ) is a three-component vector-valued field, λ is the spectral parameter, and
the Lax connections A± are 3 × 3 graded matrices valued in the sl(2, 1) Lie superalgebra,
which can be written in the following form,
A+ =


λ1/2 − ∂+φ −1 ψ¯
−λ λ1/2 + ∂+φ λ
1/2ψ¯
λ1/2ψ¯ ψ¯ 2λ1/2

 , (3.2)
A− =


λ−1/2 −λ−1e2φ −λ−1/2ψ eφ
−e−2φ λ−1/2 −ψe−φ
ψe−φ λ−1/2ψ eφ 2λ−1/2

 . (3.3)
Then, from the zero-curvature condition or Zakharov-Shabat equation,
∂+A− − ∂−A+ + [A+,A−] = 0, (3.4)
we recover the sshG field equations (2.7). Now, to derive the defect matrix via gauge trans-
formations, we consider the existence of a graded matrix K connecting two different configu-
rations, namely Ψ(2) = K(λ)Ψ(1), satisfying the following equations,
∂±K = KA
(1)
± −A
(2)
± K, (3.5)
where A
(p)
± represents the Lax connections depending on the respective fields φp, ψp, and ψ¯p.
Let us consider the following ansatz for the λ-expansion of the matrix K,
Kij = αij + λ
−1/2βij + λ
1/2γij, (3.6)
with αij , βij, and γij being the entries of 3 × 3 graded matrices. First of all, by considering
the λ-expansion in order to solve the differentials equations (3.5), we find that the λ+3/2 and
λ+1 terms lead to
α12 = γ12 = γ13 = γ32 = 0, γ11 = γ22 = c11, γ33 = c33, (3.7)
and
α11 − α22 = ψ¯2 γ31 − γ23 ψ¯1, (3.8)
α13 + γ23 = ψ¯2 γ33 − γ11 ψ¯1, (3.9)
γ31 + α32 = ψ¯1 γ33 − γ11 ψ¯2, (3.10)
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where cij denotes arbitrary constants
6. Analogously, for the degrees λ−3/2 and λ−1 we get
α21 = β21 = β23 = β31 = 0, β22 = β11e
2φ
−, β33 = b33, (3.11)
and the following constraints,
α11 e
φ
− − α22 e
−φ
− = e−
φ+
2
(
β13 ψ1 e
φ
−
2 + e−
φ
−
2 ψ2 β32
)
, (3.12)
α31 e
(φ++φ−) + β32 = e
φ+
2
(
β33 ψ1 e
φ
−
2 − β22 ψ2 e
−
φ
−
2
)
, (3.13)
α23 e
(φ+−φ−) + β13 = e
φ+
2 (β11 ψ1e
φ
−
2 − β33 ψ2e
−
φ
−
2 ). (3.14)
We have denoted φ± = φ1 ± φ2. Notice that after suitable parametrizations the constraints
(3.9), (3.10), (3.13) and (3.14) could reproduce the fermionic defect conditions (2.10) and
(2.11) respectively, by introducing properly the auxiliary field f1. The bosonic defect condi-
tions will be derived from the differential equations coming from the degrees λ0 and λ±1/2,
which are fully presented in appendix B. Now, after considering the equations involving β11
(B.39) and β22 (B.42), namely,
∂+β11 = −β11∂+φ−, ∂+β22 = β22∂+φ−, (3.15)
and the constraint in (3.11), we find the simple solution β11 = b11 e
−φ
− and β22 = b11 e
φ
− .
Now, by setting β33 = b33 = −b11 and c33 = c11, we get from (3.9) and (3.10) that
α13 + α32 = −(γ23 + γ31). (3.16)
From the eqs (B.27), (B.31), (B.47) and (B.48), involving both sides of the relation (3.16),
we find that
∂−(α13 + α32) = 0, ∂−(γ23 + γ31) = 0. (3.17)
Then, we will consider the simple solution when the components satisfy that α32 = −α13,
and γ23 = −γ31. Using
β11 = b11e
−φ
−, and β33 = −b11, (3.18)
eqn. (3.14) gives
β13e
−(φ+−φ−) + α23 = b11e
−
(φ+−φ−)
2 (ψ1 + ψ2), (3.19)
Introducing the auxiliary field f1,
f1 =
i
2ω
sech
(φ−
2
)
ψ+ =
iω
4
sech
(φ+
2
)
ψ¯−, (3.20)
we find that eqn. (3.19) becomes
α23e
(φ+−φ−)
2 + β13e
−
(φ+−φ−)
2 = −2iωb11 cosh
(
φ−
2
)
f1. (3.21)
6In what follows we will denote all the constants with Latin letters
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After making the choice
β13 = α23e
φ+ (3.22)
with
α23 = −iωb11e
−
φ+
2 f1. (3.23)
In the same way, by taking eq (3.8)–(3.13) we obtain
α13 =
2i
ω
c11 e
φ+
2 f1, α31 = iωb11e
−
φ+
2 f1, β32 = α31 e
φ+ , γ23 = α13 e
−φ+ , (3.24)
and
α11 = α22 =
iωb11
4
sech
(φ−
2
)
ψ− f1. (3.25)
From the eqs (B.19) and (B.22), we also have
2(∂+α11) = (β13 + α23)ψ¯1 − ψ¯2(α31 + β32)
= −
ω2b11
2
(
ψ¯2ψ¯1 − ψ¯2ψ¯1
)
= 0, (3.26)
where we have used for β13 and β32 eqns. (3.22) and (3.24) respectively.
Similarly, from (B.26) and (B.28) we obtain ∂−α11 = ∂−α33 = ∂+α33 = 0. Therefore, it is
suitable to set α11 = a11 and α33 = a33. Now, let us consider the eqs (B.33), (B.36), (B.50),
and (B.51) involving derivatives of the elements β11, β22, γ11, and γ22,
∂+φ− =
1
c11
[
γ21 − β12 − c11ψ¯2ψ¯1 + α13ψ¯1 − ψ¯2α13
]
=
1
c11
(γ21 − β12)−
2i
ω
sinh
(φ+
2
)
ψ¯+ f1, (3.27)
∂−φ− =
1
b11
[
β12e
−φ+ − γ21e
φ+ − b11ψ2ψ1 + α23ψ1e
(φ+−φ−)
2 − ψ2α31e
(φ+−φ−)
2
]
=
1
b11
(β12e
−φ+ − γ21e
φ+), (3.28)
and eqs (B.34), (B.40), (B.46) and (B.52) for β12 and γ21 respectively,
∂+β12 = β12(∂+φ+) + 2b11 sinh φ−, (3.29)
∂+γ21 = −γ21(∂+φ+)− 2b11 sinhφ−, (3.30)
∂−β12 = −2c11e
φ+ sinh φ− −
2ic11
ω
eφ+ sinh
(φ−
2
)
ψ− f1, (3.31)
∂−γ21 = 2c11e
−φ+ sinhφ− +
2ic11
ω
e−φ+ sinh
(φ−
2
)
ψ− f1. (3.32)
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By introducing the following parametrizations,
β12 = b12 e
φ+ , γ21 = b12 e
−φ+ , b12 = −
2c11
ω2
, b11 = 0, (3.33)
the eqs (3.27), (3.31) and (3.32) become exactly the defect conditions for the bosonic field
φ±, namely,
∂+φ− =
4
ω2
sinhφ+ −
2i
ω
sinh
(φ+
2
)
ψ¯+ f1, (3.34)
∂−φ+ = ω
2 sinhφ− + iω sinh
(φ−
2
)
ψ− f1. (3.35)
Since b11 = 0, we also find that the set of elements {α11, α22, α23, α31, β11, β13, β22, β32, β33}
completely vanish and then do not contribute at all to the K matrix.
Finally, if we consider equation (B.30) involving the element α33, we obtain
∂−α31 = −γ31 − α32e
−(φ++φ−) + α33ψ1 e
−
(φ++φ−)
2 − ψ2
(
e−
(φ+−φ−)
2 α11 + e
(φ+−φ−)
2 γ21
)
,
0 = e−
φ+
2
[
2i
ω
c11
(
1 + e−φ−
)
f1 + e
−
φ
−
2
(
α33ψ1 − b12ψ2
)]
, (3.36)
from where we conclude that α33 = 2c11ω
−2.
Therefore, we have found a suitable solution for the defect matrix K, which can be written
in the following form,
K =


c11 λ
1/2 − 2
ω2
c11 e
φ+ λ−1/2 2i
ω
c11e
φ+
2 f1
− 2
ω2
c11 e
−φ+λ1/2 c11 λ
1/2 2i
ω
c11e
−
φ+
2 f1 λ
1/2
−2i
ω
c11 e
−
φ+
2 f1 λ
1/2 −2i
ω
c11e
φ+
2 f1
2
ω2
c11 + c11 λ
1/2

 , (3.37)
where ω represent the Backlund parameter and c11 is a free constant parameter. Now, as it
was proposed in [6], the defect matrix will be used to derive modified conserved quantities.
To do that, in the next section we will derive the bulk energy and momentum by using the
Lax formalism.
4 Conservation laws
In this section we will construct explicitly generating functions for an infinite set of inde-
pendent conserved quantities for the sshG model in the bulk theory, as well as derive the
corresponding modified conserved quantities arising from the defect contributions in the
defect theory, by using the Lax approach.
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4.1 Associated linear problem and conserved quantities
Let us consider the associated linear problem for the sshG model in the (x, t) coordinates as
follows,
∂tΨ(x, t;λ) = U(x, t;λ)Ψ(x, t;λ), (4.1)
∂xΨ(x, t;λ) = V (x, t;λ)Ψ(x, t;λ), (4.2)
with U = A−−A+ and V = −(A++A−) are respectively determined as linear combinations
of the Lax connections (3.2) and (3.3), and the vector-valued function Ψ has the form
Ψ = (Ψ1,Ψ2, ǫΨ3)
T , with bosonic components Ψi and ǫ a Grassmannian parameter.
Now, as it was claimed in [14], it is possible to construct a generating function for the
conservation laws by defining a set of auxiliary functions Γij [Ψ] = ΨiΨ
−1
j , for i, j = 1, 2, 3.
Then, considering the linear system (4.1) and (4.2), we find that the j-th conservation
equation can be written as,
∂t
[
Vjj +
∑
i 6=j
Vji Γij
]
= ∂x
[
Ujj +
∑
i 6=j
Uji Γij
]
, (4.3)
where the functions Γij satisfy the following Riccati equations,
∂xΓij = (Vij − VjjΓij) +
∑
k 6=j
(
Vik − Γij Vjk
)
Γkj , (4.4)
∂tΓij = (Uij − UjjΓij) +
∑
k 6=j
(
Uik − ΓijUjk
)
Γkj. (4.5)
Then, the corresponding j-th generating function of the conserved quantities reads,
Ij =
∫ ∞
−∞
dx
[
Vjj +
∑
i 6=j
Vji Γij
]
. (4.6)
In order to derive explicitly the conserved quantities, it is necessary to introduce λ-expansions
of the functions Γij in positive and negative powers of the spectral parameter to solve in a
recursive way the Riccati equations for each coefficient. As a consequence, an infinite set of
conserved quantities will appear from the generating function (4.6). In particular, to derive
the energy and momentum we will consider the λ1/2-terms of the charges I1 and I2.
Firstly, let us consider the explictly form of the Riccati equations for j = 1,
∂xΓ21 = λ+ e
−2φ − (∂xφ+ ∂tφ) Γ21 −
(
λ1/2ψ¯ − e−φψ
)
Γ31 −
(
1 + λ−1e2φ
)
(Γ21)
2
+
(
ψ¯ − λ−1/2eφψ
)
Γ21Γ31, (4.7)
∂xΓ31 = −λ
1/2ψ¯ − ψe−φ −
(
1
2
(∂xφ+ ∂tφ) + λ
1/2 + λ−1/2
)
Γ31 −
(
ψ¯ + λ−1/2ψeφ
)
Γ21
−
(
1 + λ−1e2φ
)
Γ31Γ21. (4.8)
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Now, we expand Γ12 and Γ31 as λ→ 0,
Γ21 =
∞∑
n=0
λn/2Γ
(n/2)
21 , Γ31 =
∞∑
n=0
λn/2Γ
(n/2)
31 . (4.9)
By inserting these expansions into the Riccati equations (4.7) and (4.8) we find that the first
coefficients are given by,
Γ
(0)
21 = 0, Γ
(0)
31 = 0, Γ
(1/2)
21 = e
−2φ, Γ
(1/2)
31 = −e
−φψ, (4.10)
Γ
(1)
21 =
1
2
e−2φ(∂xφ− ∂tφ), (4.11)
Γ
(1)
31 =
1
2
e−φ
[
∂xψ − 2ψ¯ cosh φ−
1
2
ψ(∂xφ− ∂tφ)
]
, (4.12)
Γ
(3/2)
21 = e
−2φ
[
1
8
(∂xφ− ∂tφ)
2 −
1
4
∂x(∂xφ− ∂tφ) + sinh(2φ) + ψ¯ψ sinh φ
]
. (4.13)
Thus, we find from the first generating function of conserved quantities (4.6), namely
I1 =
∫ ∞
−∞
dx
[
− (λ1/2 + λ−1/2) +
1
2
(∂xφ+ ∂tφ) +
(
1 + λ−1e2φ
)
Γ21
+
(
λ−1/2eφψ − ψ¯
)
Γ31
]
, (4.14)
that the charge I
(−1/2)
1 vanishes, I
(0)
1 is the topological charge, namely,
I
(0)
1 =
∫ ∞
−∞
dx ∂xφ, (4.15)
and the first non-trivial conserved quantity is given by the λ1/2-term, which is given by
I
(1/2)
1 =
∫ ∞
−∞
dx
[
1
8
(∂xφ− ∂tφ)
2 +
1
2
ψ ∂xψ + 2ψ¯ψ coshφ+ (cosh 2φ− 1)
]
. (4.16)
Now, if we consider the expansion of the Γ12 and Γ31 as λ→∞,
Γ21 =
∞∑
n=−1
Γˆ
(n/2)
21
λn/2
, Γ31 =
∞∑
n=0
Γˆ
(n/2)
31
λn/2
, (4.17)
we get,
Γˆ
(0)
31 = −ψ¯, Γˆ
(0)
21 = −
1
2
(∂xφ+ ∂tφ), Γˆ
(−1/2)
21 = 1, (4.18)
Γˆ
(1/2)
21 =
1
8
(∂xφ+ ∂tφ)
2 +
1
4
∂x(∂xφ+ ∂tφ)− sinh(2φ) + ψψ¯ sinh φ, (4.19)
Γˆ
(1/2)
31 =
1
2
[
∂xψ¯ − 2ψ coshφ+
1
2
ψ¯ (∂xφ+ ∂tφ)
]
. (4.20)
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Then, by introducing these results into eq. (4.14) we find in this case that the zero-order
term vanishes and the first non-vanishing conserved quantity is given by the λ−1/2 order, as
follows
Iˆ
(−1/2)
1 =
∫ ∞
−∞
dx
[
1
8
(∂xφ+ ∂tφ)
2 −
1
2
ψ¯ ∂xψ¯ + 2ψ¯ψ coshφ+ (cosh 2φ− 1)
]
. (4.21)
Let us now consider the respective Riccati equations for j = 2,
∂xΓ12 = 1 + λ
−1e2φ + (∂xφ+ ∂tφ) Γ12 +
(
λ−1/2eφψ − ψ¯
)
Γ32 −
(
λ+ e−2φ
)
(Γ12)
2
+
(
λ1/2ψ¯ − e−φψ
)
Γ12Γ32, (4.22)
∂xΓ32 = −ψ¯ − λ
−1/2eφψ +
(
1
2
(∂xφ+ ∂tφ)− λ
1/2 − λ−1/2
)
Γ32 −
(
λ1/2ψ¯ + ψe−φ
)
Γ12
−
(
λ+ e−2φ
)
Γ32Γ12. (4.23)
As it was done before, we expand Γ12 and Γ32 as λ→ 0,
Γ12 =
∞∑
n=−1
λn/2Γ
(n/2)
12 , Γ32 =
∞∑
n=0
λn/2Γ
(n/2)
32 , (4.24)
and then we get
Γ
(0)
12 = −
1
2
e2φ (∂xφ− ∂tφ) , Γ
(0)
32 = −e
φψ, Γ
(−1/2)
12 = e
2φ, (4.25)
Γ
(1/2)
12 = e
2φ
[
1
8
(∂xφ− ∂tφ)
2 +
1
4
∂x (∂xφ− ∂tφ)− sinh(2φ)− ψ¯ψ sinh φ
]
, (4.26)
Γ
(1/2)
32 =
1
2
eφ
[
∂xψ − 2ψ¯ coshφ+
1
2
ψ(∂xφ− ∂tφ)
]
. (4.27)
From the generating function (4.6) for j = 2,
I2 =
∫ ∞
−∞
dx
[
− λ1/2 − λ−1/2 −
1
2
(∂xφ+ ∂tφ) +
(
λ+ e−2φ
)
Γ12 +
(
e−φψ − λ1/2ψ¯
)
Γ32
]
, (4.28)
we find again that the zero-order gives us the topological term but in this case with an
opposite sign,
I
(0)
2 = −
∫ ∞
−∞
dx ∂xφ, (4.29)
and the first non-trivial conserved quantity is given by the λ1/2-order in the following way,
I
(1/2)
2 =
∫ ∞
−∞
dx
[1
8
(∂xφ− ∂tφ)
2 +
1
2
ψ ∂xψ + 2ψ¯ψ cosh φ+ (cosh 2φ− 1)
]
. (4.30)
Correspondingly, for the expansion around λ→∞,
Γ12 =
∞∑
n=0
Γˆ
(n/2)
12
λn/2
, Γ32 =
∞∑
n=0
Γˆ
(n/2)
32
λn/2
, (4.31)
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we find,
Γˆ
(0)
32 = 0, Γˆ
(1/2)
12 = 1, Γˆ
(1/2)
32 = −ψ¯, (4.32)
Γˆ
(1)
12 =
1
2
(∂xφ+ ∂tφ), (4.33)
Γˆ
(3/2)
12 =
1
8
(∂xφ+ ∂tφ)
2 −
1
4
(∂2x + ∂x∂t)φ+ sinh(2φ) + ψ¯ψ sinh φ, (4.34)
Γˆ
(1)
32 =
1
2
[
∂xψ¯ − 2ψ coshφ−
1
2
ψ¯(∂xφ+ ∂tφ)
]
. (4.35)
From eq (4.28) we obtain that the zero-order term vanishes and the first non-vanishing
conserved quantity is given by,
Iˆ
(−1/2)
2 =
∫ ∞
−∞
dx
[1
8
(∂xφ+ ∂tφ)
2 −
1
2
ψ¯ ∂xψ¯ + 2ψ¯ψ coshφ+ (cosh 2φ− 1)
]
. (4.36)
Notice that by adding (4.15) and (4.29) we find that the topological charge of the model
is zero [16], [17]. On the other hand I
(1/2)
2 = I
(1/2)
1 and Iˆ
(−1/2)
2 = Iˆ
(−1/2)
1 , and then we can
introduce a new set of conserved quantities defined by
I
(+1/2) = I
(1/2)
1 + I
(1/2)
2 , Iˆ
(−1/2) = Iˆ
(−1/2)
1 + Iˆ
(−1/2)
2 . (4.37)
Then, the energy and momentum for the sshG model in the bulk theory are recovered in this
formalism through the following combinations of the conserved quantities defined above,
E = Iˆ(−1/2) + I(+1/2), P = Iˆ(−1/2) − I(+1/2), (4.38)
with,
E =
∫ ∞
−∞
dx
[1
2
(∂xφ)
2 +
1
2
(∂tφ)
2 − ψ¯ ∂xψ¯ + ψ ∂xψ + 4 (cosh 2φ− 1) + 8ψ¯ψ coshφ
]
,(4.39)
P =
∫ ∞
−∞
dx
[
∂xφ ∂tφ− ψ ∂xψ − ψ¯ ∂xψ¯
]
. (4.40)
In the next subsection we will derive explicitly the corresponding defect contribution to the
modified energy and momentum after introducing the defect in the formalism.
4.2 Defect contributions
So far we have considered the derivation of conserved quantities by using the Lax formalism
in the bulk theory. In this section we will consider the modification to those quantities after
introducing the defect into the formalism. To do that, let us recall how to construct the
corresponding modified conserved quantities from the defect matrix.
As explained in [6], a defect placed at x = 0 can be introduced in the generating functions
of conserved quantities in the following form,
Ij =
∫ 0
−∞
dx
[
V
(1)
jj +
∑
i 6=j
V
(1)
ji Γij [Ψ
(1)]
]
+
∫ ∞
0
dx
[
V
(2)
jj +
∑
i 6=j
V
(2)
ji Γij [Ψ
(2)]
]
, (4.41)
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where V
(p)
ij with p = 1, 2 are the components of the x-part of the Lax connections (4.2)
describing each associated linear problem in the regions x < 0, and x > 0 respectively;
and Γij [Ψ
(p)] = Ψ
(p)
i (Ψ
(p)
j )
−1 are their corresponding set of auxiliary functions derived in the
last section. After taking the time-derivative of (4.41), we find that the modified quantities
Ij +Dj are conserved, where
Dj = ln
[
Kjj +
∑
i 6=j
KjiΓij [Ψ
(1)]
] ∣∣∣∣∣
x=0
, (4.42)
gives the defect contributions to the j-th generating function of conserved quantities, and
its precise form depends on the components of the defect matrix. From the above formula
(4.42) we will derive two different sets of defect contributions by considering the expansion
of the auxiliary functions in positive and negative powers of λ respectively.
Firstly, from the explicit form of the defect matrix (3.37), and the coefficients correspon-
ding to the expansions in positives powers of λ (4.10)–(4.13) and (4.25)–(4.27), we get
D
(0)
1 = (φ2 − φ1), D
(0)
2 = (φ1 − φ2), (4.43)
D
(1/2)
1 =
1
2
∂−φ1 −
ω2
2
eφ1−φ2 + iω e
φ1−φ2
2 f1ψ1, (4.44)
D
(1/2)
2 = −
1
2
∂−φ1 −
ω2
2
e−(φ1−φ2) + iω e−
(φ1−φ2)
2 f1ψ1. (4.45)
Analogously, from the coefficients for the negative powers of λ (4.18)–(4.20), and (4.32)–
(4.35), we find
Dˆ
(−1/2)
1 =
[
−
2
ω2
eφ1+φ2 +
2
iω
e
φ1+φ2
2 f1ψ¯1
]
, (4.46)
Dˆ
(−1/2)
2 =
[
−
2
ω2
e−(φ1+φ2) +
2
iω
e−
(φ1+φ2)
2 f1ψ¯1
]
. (4.47)
Now, let us define the following quantities,
D
(+1/2) = D
(1/2)
1 +D
(1/2)
2 . D
(−1/2) = Dˆ
(−1/2)
1 + Dˆ
(−1/2)
2 . (4.48)
Then, the defect contributions to the modified energy and momentum are recovered by
adding and subtracting the expression in (4.48) as follows,
ED = Dˆ
(−1/2) + D(+1/2) = −ω2 cosh(φ1 − φ2)−
4
ω2
cosh(φ1 + φ2)
+2iω cosh
(
φ1 − φ2
2
)
f1ψ1 −
4i
ω
cosh
(
φ1 + φ2
2
)
f1ψ¯1, (4.49)
PD = Dˆ
(−1/2) − D(+1/2) = ω2 cosh(φ1 − φ2)−
4
ω2
cosh(φ1 + φ2)
−2iω cosh
(
φ1 − φ2
2
)
f1ψ1 −
4i
ω
cosh
(
φ1 + φ2
2
)
f1ψ¯1. (4.50)
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The expressions derived from the Lagrangian formalism in (2.15) and (2.17) can be reached
by noting that the auxiliary field f1 introduced in (3.20) satisfy the following relations,
ψ1ψ2 = −2iωcosh
(φ−
2
)
f1ψ2, ψ¯1ψ¯2 = −
4i
ω
cosh
(φ−
2
)
f1ψ¯2. (4.51)
Then, we finally get
PD =
[
ω2 cosh(φ1 − φ2)−
4
ω2
cosh(φ1 + φ2)
]
+ (ψ¯2ψ¯1 + ψ1ψ2)
+
[
2iω cosh
(
φ1 − φ2
2
)
(ψ1 − ψ2) +
4i
ω
cosh
(
φ1 + φ2
2
)
(ψ¯1 + ψ¯2)
]
f1, (4.52)
ED = −
[
ω2 cosh(φ1 − φ2) +
4
ω2
cosh(φ1 + φ2)
]
+ (ψ¯2ψ¯1 − ψ1ψ2)
+
[
4i
ω
cosh
(
φ1 + φ2
2
)
(ψ¯1 + ψ¯2)− 2iω cosh
(
φ1 − φ2
2
)
(ψ1 − ψ2)
]
f1. (4.53)
5 Further solutions for the defect matrix
Notice that eqns. (3.5) and (3.6) led to solutions partially of type-II in the sense that the
bosonic part is of type-I (i.e., supersymmetric extension of type-I with an auxiliary fermionic
field). The question we raise in whether (3.6) generates more general solutions. In order to
face this problem let us consider the pure bosonic limit when the fermions are set to zero. We
shall see that in this case, we obtain solutions of type-II. In such limit the gauge potentials
are written as
A+ =

 λ1/2 − ∂+φ −1 0−λ λ1/2 + ∂+φ 0
0 0 2λ1/2

 ,
A− =

 λ−1/2 −λ−1e2φ 0−e−2φ λ−1/2 0
0 0 2λ−1/2

 . (5.1)
From (B.5) and (B.12) we obtain directly that
γ12 = 0, β21 = 0, (5.2)
γ22 = γ11, β22 = β11e
2φ
− . (5.3)
and since ψ¯ = 0 we find from (B.6)-(B.11)
α22 = α11, γ23 = −α13, γ31 = −α32 (5.4)
α12 = 0, γ13 = 0 γ32 = 0 . (5.5)
Similarly with ψ = 0 we have from (B.13)-(B.18)
β13 = −e
(φ+−φ−)α23, β32 = −e
(φ++φ−)α31, α22 = α11e
2φ
− (5.6)
α21 = 0, β23 = 0, β31 = 0 (5.7)
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Considering the equations involving β11(B.39), α23(B.21), α31(B.23), i.e,
∂+β11 = −β11∂+φ−, ∂+α23 = −
α23
2
∂+(φ+ − φ−), ∂+α31 = −
α31
2
∂+(φ+ + φ−). (5.8)
and with the results above (5.3), (5.4) and (5.6) we find the simple solutions
β11 = b11e
−φ
−, β22 = b11e
φ
− , α23 = a23 e
−
(φ+−φ−)
2
α31 = a31e
−
(φ++φ−)
2 , β13 = −a23 e
(φ+−φ−)
2 , β32 = −a31 e
(φ++φ−)
2 . (5.9)
Whereas α11 = α22 and γ11 = γ22, then the equations for these elements (B.19), (B.22),
(B.45), (B.50), (B.51), has the solutions α11 = α22 = 0 and γ11 = γ22 = c11, respectively.
From equations (B.33) and (B.50) involving β11 and γ11, we get
∂−φ− =
1
b11
(β12e
−φ+ − γ21e
φ+), (5.10)
∂+φ− =
1
c11
(γ21 − β12). (5.11)
Choosing the fermionic constants (a23, a13, a31, a32) to vanish, the system of equations (B.34),
(B.40), (B.46), (B.52) reduces to
∂+γ21 = −γ21∂+φ+ − b11(e
φ
− − e−φ−), (5.12)
∂−γ21 = c11e
−φ+(eφ+ − e−φ−), (5.13)
∂+β12 = β12∂+φ+ + b11(e
φ
− − e−φ−), (5.14)
∂−β12 = −c11e
φ+(eφ− − e−φ−). (5.15)
Introducing the auxiliary field Λ such that
γ21 = c21e
Λ−φ+ ,
equations (5.10)-(5.13) become
∂+φ− =
1
c11
(c21e
Λ−φ+ − β12), (5.16)
∂−φ− = −
1
b11
(c21e
Λ − e−φ+β12), (5.17)
∂+Λ = −
b11
c21
eφ+−Λ(eφ− − e−φ−), (5.18)
∂−(Λ− φ+) =
c11
c21
e−Λ(eφ− − e−φ−). (5.19)
A compatible solution for (5.16)-(5.19) and (5.14), (5.15) is
β12 = c21e
(φ+−Λ)(eφ− + e−φ− + η) . (5.20)
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The above system is identified as a type-II Backlund transformation for the bosonic sinh-
Gordon model [3], [5]. Therefore the matrix K is given now by
K =

 λ−1/2b11e−φ− + λ1/2c11 λ−1/2c21eφ+−Λ(eφ− + e−φ− + η) 0λ1/2c21eΛ−φ+ λ−1/2b11eφ− + λ1/2c11 0
0 0 a33 + λ
−1/2b33 + λ
1/2c33

.
This result for the pure bosonic case indicates that eqns. (3.5) and (3.6) may also generate
type-II Backlund transformations for the supersymmetric system, which is a subject under
our investigation.
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A Supersymmetry of the N = 1 defect sshG model
The action for the bulk N = 1 sshG model,
Sbulk =
∫ ∞
−∞
dt
∫ ∞
−∞
dx Lbulk, (A.1)
with,
Lbulk =
1
2
(∂xφ)
2 −
1
2
(∂tφ)
2 + ψ¯(∂t − ∂x)ψ¯ + ψ(∂t + ∂x)ψ + 4 cosh(2φ) + 8ψ¯ψ coshφ,(A.2)
has N = 1 supersymmetry without topological charge [16], [17]. The supersymmetry trans-
formation is given by
δsφ = ε ψ + ε¯ ψ¯, (A.3)
δsψ = −ε ∂−φ+ 2ε¯ sinh φ, (A.4)
δsψ¯ = ε¯ ∂+φ− 2ε sinhφ, (A.5)
where ε and ε¯ are fermionic parameters. Under a general not-rigid susy transformation, i.e
with parameters ε(x, t) and ε¯(x, t), Lbulk changes by a total derivative
δsLbulk = ε
[
∂t
(
−2ψ ∂−φ− 2ψ¯ sinhφ
)
+ ∂x
(
−2ψ ∂−φ+ 4ψ¯ sinhφ
) ]
+ ε¯
[
∂t
(
2ψ¯ ∂+φ+ 4ψ¯ sinh φ
)
+ ∂x
(
−2ψ¯ ∂+φ+ 4ψ¯ sinh φ
) ]
+∂x
[
εψ(∂+φ+ 2∂−φ) + ε¯ψ¯(∂−φ+ 2∂+φ)− 2(εψ¯ + ε¯ψ) sinhφ
]
+∂t
[
− εψ(∂+φ− 2∂−φ) + ε¯ψ¯(∂−φ− 2∂+φ) + 2(εψ¯ − ε¯ψ) sinhφ
]
, (A.6)
if the conservation laws holds,
∂t
(
−2ψ ∂−φ− 2ψ¯ sinh φ
)
+ ∂x
(
−2ψ ∂−φ+ 4ψ¯ sinh φ
)
= 0, (A.7)
∂t
(
2ψ¯ ∂+φ+ 4ψ¯ sinh φ
)
+ ∂x
(
−2ψ¯ ∂+φ+ 4ψ¯ sinh φ
)
= 0. (A.8)
Then, the associated bulk supercharges Qε and Q¯ε¯ can be written as integrals of local
fermionic densities, as follows
Qε = −
∫ ∞
−∞
dx
(
2ψ ∂−φ+ 4ψ¯ sinhφ
)
, Q¯ε¯ =
∫ ∞
−∞
dx
(
2ψ¯ ∂+φ+ 4ψ sinhφ
)
. (A.9)
From the above expressions can be easily verified that {Qε, Q¯ε¯} = 0. On the other hand,
when considering a rigid (constant parameters) susy transformation, Lbulk changes as
δsLbulk = ∂x
[
1
2
(∂xφ)(εψ + ε¯ψ¯) +
1
2
(∂tφ)(εψ − ε¯ψ¯) + 2(ε¯ψ + εψ¯) sinhφ
]
+ ∂t
[
1
2
(∂xφ)(ε¯ψ¯ − εψ)−
1
2
(∂tφ)(εψ + ε¯ψ¯) + 2(ε¯ψ − εψ¯) sinhφ
]
. (A.10)
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It turns to be that the bulk theory defined by the Lagrangian (A.2) is invariant under susy
transformation. However, this is not necessarily true for the defect theory, and therefore we
should show that the presence of the defect will not destroy the supersymmetry of the bulk
theory. In fact, in the defect theory the total action (left half-line + defect + right half-line),
Stotal =
∫ ∞
−∞
dt
[∫ 0
−∞
dx L1 +
∫ ∞
0
dx L2 + LD
]
, (A.11)
with
Lp =
1
2
(∂xφp)
2 −
1
2
(∂tφp)
2 + ψ¯p(∂t − ∂x)ψ¯p + ψp(∂t + ∂x)ψp + 4 cosh(2φp)
+8ψ¯pψp cosh φp, (A.12)
under the susy transformation (A.3)–(A.5) changes as follows,
δsStotal =
∫ ∞
−∞
dt
[(
1
2
(∂xφ1)(εψ1 + ε¯ψ¯1) +
1
2
(∂tφ1)(εψ1 − ε¯ψ¯1) + 2(ε¯ψ1 + εψ¯1) sinhφ1
)
x=0
−
(
1
2
(∂xφ2)(εψ2 + ε¯ψ¯2) +
1
2
(∂tφ2)(εψ2 − ε¯ψ¯2) + 2(ε¯ψ2 + εψ¯2) sinhφ2
)
x=0
+ δLD
]
. (A.13)
Then, as the right-hand-side of the above equation does not vanish immediately, we should
show that the variation of the defect Lagrangian,
LD =
1
2
(φ2∂tφ1 − φ1∂tφ2)− ψ1ψ2 − ψ¯1ψ¯2 + 2f1∂tf1 +B0 +B1, (A.14)
cancels out the surface terms and exactly restores supersymmetry, where the defect potentials
Bk, with k = 0, 1 are given by
B0 = −
4
ω2
cosh(φ1 + φ2)− ω
2 cosh(φ1 − φ2), (A.15)
B1 = −
4i
ω
cosh
(φ1 + φ2
2
)
f1(ψ¯1 + ψ¯2) + 2iω cosh
(φ1 − φ2
2
)
f1(ψ1 − ψ2). (A.16)
It is important to take into account that all the fields appearing in the defect Lagrangian
are valued in x = 0 and only depend on time. Now, let us first derive the corresponding susy
transformation for the auxiliary fermionic field f1. By applying the susy variation on (2.10),
one of the defect equations involving f1, namely
ψ1 + ψ2 = −2iω cosh
(φ1 − φ2
2
)
f1, (A.17)
we get from l.h.s.,
δs(ψ1 + ψ2) = −ε∂−(φ1 + φ2) + 2ε¯(sinhφ1 + sinhφ2)
= −ε∂−(φ1 + φ2) + 4ε¯ sinh
(φ1 + φ2
2
)
cosh
(φ1 − φ2
2
)
, (A.18)
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and from the r.h.s. we find,
δs(ψ1 + ψ2) = −iε ω sinh
(φ1 − φ2
2
)
(ψ1 − ψ2)f1 − 2iω cosh
(φ1 − φ2
2
)
(δsf1), (A.19)
where we have used eq.(2.11). Now, comparing the above results and using eq. (3.35) it can
be checked that the susy transformation of the fermionic field f1 is given by
δsf1 = −iω ε sinh
(
φ1 − φ2
2
)
+
2iε¯
ω
sinh
(
φ1 + φ2
2
)
. (A.20)
Now, we find that the supersymmetry variations of the bosonic terms of the defect Lagrangian
(A.14) are,
δs
(
1
2
(φ2∂tφ1 − φ1∂tφ2)
)
= (εψ2 + ε¯ψ¯2)(∂tφ1)− (εψ1 + ε¯ψ¯1)(∂tφ2),
= ε
[
−ψ1∂tφ1 + ψ2∂tφ2 − 2iω cosh
(φ1 − φ2
2
)
f1∂t(φ1 − φ2)
]
+ ε¯
[
ψ¯1∂tφ1 − ψ¯2∂tφ2 +
4i
ω
cosh
(φ1 + φ2
2
)
f1∂t(φ1 + φ2)
]
,(A.21)
and
δsB0 = ε
[
−
4
ω2
sinh(φ1 + φ2)(ψ1 + ψ2)− ω
2 sinh(φ1 − φ2)(ψ1 − ψ2)
]
, (A.22)
+ ε¯
[
−
4
ω2
sinh(φ1 + φ2)(ψ¯1 + ψ¯2)− ω
2 sinh(φ1 − φ2)(ψ¯1 − ψ¯2)
]
. (A.23)
For the terms involving only fermionic fields, we obtain
δs(−ψ1ψ2 − ψ¯1ψ¯2) = −(δsψ1)ψ2 + (δsψ2)ψ1 − (δsψ¯1)ψ¯2 + (δsψ¯2)ψ1,
= ε
[
− ψ1∂−φ1 + ψ2∂−φ2 + 2(ψ¯2 sinh φ1 − ψ¯1 sinh φ2)
− 2iω cosh
(φ1 − φ2
2
)
f1∂−(φ1 − φ2)
]
+ ε¯
[
− ψ¯1∂+φ1 + ψ¯2∂+φ2
− 2(ψ2 sinh φ1 − ψ1 sinh φ2)−
4i
ω
cosh
(φ1 + φ2
2
)
f1∂−(φ1 + φ2)
]
,(A.24)
and
δs(2f1∂tf1) =
[
2iωε cosh
(φ1 − φ2
2
)
∂t(φ1 − φ2)−
4iε¯
ω
cosh
(φ1 + φ2
2
)
∂t(φ1 + φ2)
]
f1.(A.25)
In addition, for the defect potential B1 we get,
δsB1 = −
4i
ω
cosh
(φ1 + φ2
2
)
δs
[
f1(ψ¯1 + ψ¯2)
]
+ 2iω cosh
(φ1 − φ2
2
)
δs [f1(ψ1 − ψ2)]
= ε
[
2(ψ1∂−φ2 − ψ2∂−φ1) + 4(ψ¯1 sinh φ2 − ψ¯2 sinh φ1)
]
+ ε¯
[
2(ψ¯2∂+φ1 − ψ1∂+φ2) + 4(ψ2 sinhφ1 − ψ1 sinhφ2)
]
. (A.26)
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Now, by putting together all the variations obtained we can find after some algebra that
the susy transformation of the defect Lagrangian is exactly given by,
δsLD = ε
[
ψ1∂+φ1 − ψ2∂+φ2 + 2(ψ¯1 sinh φ1 − ψ¯2 sinh φ2)
]
x=0
+ ε¯
[
ψ¯1∂−φ1 − ψ¯2∂−φ2 + 2(ψ1 sinhφ1 − ψ2 sinhφ2)
]
x=0
, (A.27)
which cancels out exactly the surface terms in (A.13). Then, we have shown that the defect
sshG model has a well-defined N = 1 supersymmetry. This implies that there must be
modified supercharges which are preserved. Let us compute the defect contribution for Qε.
After the introduction of the defect at x = 0, we get
Qε = −
∫ 0
−∞
dx
(
2ψ1 ∂−φ1 + 4ψ¯1 sinhφ1
)
−
∫ ∞
0
dx
(
2ψ2 ∂−φ2 + 4ψ¯2 sinh φ2
)
. (A.28)
Now, by taking the time-derivative respectively, we get
dQε
dt
=
[
ψ1(∂xφ1 − ∂tφ1)− 4ψ¯2 sinhφ1 − ψ2(∂xφ2 − ∂tφ2) + 4ψ¯2 sinhφ2
]
x=0
,
=
[
− (ψ1 + ψ2)∂t(φ1 − φ2)− 4(ψ¯1 sinhφ1 − ψ¯2 sinhφ2) + ω
2(ψ1 − ψ2) sinh(φ1 − φ2)
+
4
ω2
(ψ1 + ψ2) sinh(φ1 + φ2)
]
x=0
=
[
− 2(sinhφ1 + sinhφ2)(ψ¯1 − ψ¯2) +
4
ω2
(ψ1 + ψ2) sinh(φ1 + φ2)
]
x=0
+
d
dt
[
4iω sinh
(φ1 − φ2
2
)
f1
]
x=0
. (A.29)
The first term in the above result vanishes after using the defect conditions (2.10) and
(2.11). Then we find that the modified conserved supercharges can be written in the form
Q = Qε +QD, with the defect contribution given by
QD = −4iω
[
sinh
(φ1 − φ2
2
)
f1
]
x=0
. (A.30)
Analogously, for the supercharge Q¯ε¯,
Q¯ε¯ =
∫ 0
−∞
dx
(
2ψ¯1 ∂+φ1 + 4ψ1 sinhφ1
)
+
∫ ∞
0
dx
(
2ψ¯2 ∂+φ2 + 4ψ2 sinh φ2
)
, (A.31)
the corresponding modified conserved supercharge is Q¯ = Q¯ε¯ + Q¯D, where the defect contri-
bution is given by
Q¯D =
8i
ω
[
sinh
(φ1 + φ2
2
)
f1
]
x=0
. (A.32)
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B Calculation of the defect matrix
The defect matrix K is directly derived by solving the differential equations,
∂±K = KA
(1)
± −A
(2)
± K, (B.1)
with the Lax connections are given
A+ =


λ1/2 − ∂+φ −1 ψ¯
−λ λ1/2 + ∂+φ λ
1/2ψ¯
λ1/2ψ¯ ψ¯ 2λ1/2

 , (B.2)
A− =


λ−1/2 −λ−1e2φ −λ−1/2ψ eφ
−e−2φ λ−1/2 −ψe−φ
ψe−φ λ−1/2ψ eφ 2λ−1/2

 . (B.3)
To find a solution for the defect matrix K, we propose the following λ-expansion,
Kij = αij + λ
−1/2βij + λ
1/2γij. (B.4)
Now, considering term by term we find a set of constraints coming from the λ±3/2 and λ±1
terms, which we will present explicitly as follows:
λ+3/2- terms :
γ12 = γ13 = γ32 = 0, γ11 = γ22. (B.5)
λ+1- terms :
α12 = γ13 ψ¯1, (B.6)
γ13 = −γ12 ψ¯1, (B.7)
γ32 = −γ12 ψ¯2, (B.8)
α11 − α22 = ψ¯2 γ31 − γ23 ψ¯1, (B.9)
α13 + γ23 = ψ¯2 γ33 − γ11 ψ¯1, (B.10)
γ31 + α32 = ψ¯1 γ33 − γ11 ψ¯2. (B.11)
λ−3/2- terms :
β21 = β23 = β31 = 0, β22 = β11e
2φ
−. (B.12)
λ−1- terms :
α21 = −ψ2 β31 e
−
(φ+−φ−)
2 , (B.13)
β23 = β21 ψ1 e
(φ++φ−)
2 , (B.14)
β31 = −ψ2 β21 e
(φ+−φ−)
2 , (B.15)
22
α11 e
φ
− − α22 e
−φ
− = e−
φ+
2
(
β13 ψ1 e
φ
−
2 + e−
φ
−
2 ψ2 β32
)
, (B.16)
α31 e
(φ++φ−) + β32 = e
φ+
2
(
β33 ψ1 e
φ
−
2 − β22 ψ2 e
−
φ
−
2
)
, (B.17)
α23 e
(φ+−φ−) + β13 = e
φ+
2 (β11 ψ1e
φ
−
2 − β33 ψ2e
−
φ
−
2 ). (B.18)
We have denoted φ± = φ1 ± φ2 for convenience. From eqs (B.6), (B.7) we get that α12 = 0,
and from (B.13) and (B.14) that α21 = 0. Now, we obtain a set of differential equations
from the λ0 and λ±1/2 terms. Here we summarize them:
λ0- terms :
∂+α11 = −α11 ∂+φ− + β13 ψ¯1 − ψ¯2 α31, (B.19)
∂+α13 =
α13
2
∂+(φ+ − φ−) + β13 + α23 − ψ¯2 α33 + (α11 + β12)ψ¯1, (B.20)
∂+α23 = −
α23
2
∂+(φ+ − φ−) + β22 ψ¯1 − ψ¯2 β33, (B.21)
∂+α22 = α22 ∂+φ− + α23 ψ¯1 − ψ¯2 β32, (B.22)
∂+α31 = −
α31
2
∂+(φ+ + φ−) + β33 ψ¯1 − ψ¯2 β11, (B.23)
∂+α32 =
α32
2
∂+(φ+ + φ−)− α31 − β32 + α33 ψ¯1 − ψ¯2(β12 + α22), (B.24)
∂+α33 = (β32 + α31)ψ¯1 − ψ¯2(α23 + β13), (B.25)
∂−α11 = e
−
φ
−
2 (α13 ψ1e
−
φ+
2 + e
φ+
2 ψ2 γ31), (B.26)
∂−α13 = e
φ+
2 (e−
φ
−
2 ψ2 γ33 − γ11 ψ1 e
φ
−
2 ), (B.27)
∂−α22 = e
φ
−
2 (e−
φ+
2 ψ2 α32 + γ23 ψ1 e
φ+
2 ), (B.28)
∂−α23 = γ23 + α13 e
−(φ+−φ−) + e−
(φ+−φ−)
2 ψ2 α33 − (γ21 e
(φ++φ−)
2 + α22 e
−
(φ++φ−)
2 )ψ1, (B.29)
∂−α31 = −γ31 − α32e
−(φ++φ−) + α33ψ1 e
−
(φ++φ−)
2 − ψ2(e
−
(φ+−φ−)
2 α11 + e
(φ+−φ−)
2 γ21), (B.30)
∂−α32 = e
φ+
2 (γ33 ψ1 e
φ
−
2 − e−
φ
−
2 ψ2 γ11), (B.31)
∂−α33 = −(γ31e
(φ++φ−)
2 + α32 e
−
(φ++φ−)
2 )ψ1 − ψ2(e
−
(φ+−φ−)
2 α13 + e
(φ+−φ−)
2 γ23). (B.32)
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λ−1/2- terms :
∂−β11 = e
−φ
−(γ21 e
φ+ − β12 e
−φ+) + e−
φ
−
2 (β13 ψ1 e
−
φ+
2 + e
φ+
2 ψ2 α31), (B.33)
∂−β12 = γ11 e
φ+(e−φ− − eφ−) + e
φ+
2 (α13ψ1 e
φ
−
2 + e−
φ
−
2 ψ2 α32), (B.34)
∂−β13 = γ23 e
(φ+−φ−) + α13 + e
(φ+−φ−)
2 ψ2 α33 − (α11 e
(φ++φ−)
2 + β12 e
−
(φ++φ−)
2 )ψ1, (B.35)
∂−β22 = e
φ
−(β12 e
−φ+ − γ21 e
φ+) + e
φ
−
2 (α23 ψ1 e
φ+
2 + e−
φ+
2 ψ2 β32), (B.36)
∂−β32 = −α32 − γ31 e
(φ++φ−) + α33 ψ1 e
(φ++φ−)
2 − ψ2(e
(φ+−φ−)
2 α22 + e
−
(φ+−φ−)
2 β12), (B.37)
∂−β33 = −(β32e
−
(φ++φ−)
2 + α31e
(φ++φ−)
2 )ψ1 − ψ2(e
−
(φ+−φ−)
2 β13 + e
(φ+−φ−)
2 α23), (B.38)
∂+β11 = −β11 ∂+φ−, (B.39)
∂+β12 = β12 ∂+φ+ + β22 − β11 − ψ¯2 β32 + β13 ψ¯1, (B.40)
∂+β13 =
β13
2
∂+(φ+ − φ−)− ψ¯2β33 + β11ψ¯1, (B.41)
∂+β22 = β22 ∂+φ−, (B.42)
∂+β32 =
β32
2
∂+(φ+ + φ−)− ψ¯2 β22 + β33 ψ¯1, (B.43)
∂+β33 = 0. (B.44)
λ+1/2- terms :
∂−γ11 = 0, (B.45)
∂−γ21 = γ11 e
−φ+(eφ− − e−φ−) + e−
φ+
2 (γ23 ψ1 e
−
φ
−
2 + e
φ
−
2 ψ2 γ31), (B.46)
∂−γ23 = e
−
φ+
2 (e
φ
−
2 ψ2 γ33 − γ11 ψ1 e
−
φ
−
2 ), (B.47)
∂−γ31 = e
−
φ+
2 (γ33 ψ1 e
−
φ
−
2 − e
φ
−
2 ψ2 γ11), (B.48)
∂−γ33 = 0, (B.49)
∂+γ11 = −γ11 ∂+φ− + γ21 − β12 + α13 ψ¯1 − ψ¯2 γ31, (B.50)
∂+γ22 = γ22 ∂+φ− − γ21 + β12 + γ23 ψ¯1 − ψ¯2 α32, (B.51)
∂+γ21 = −γ21 ∂+φ+ + β11 − β22 + α23 ψ¯1 − ψ¯2 α31, (B.52)
∂+γ23 = −
γ23
2
∂+(φ+ − φ−) + β13 + α23 − ψ¯2 α33 + (α22 + γ21)ψ¯1, (B.53)
∂+γ31 = −
γ31
2
∂+(φ+ + φ−)− β32 − α31 + α33 ψ¯1 − ψ¯2(α11 + γ21), (B.54)
∂+γ33 = (α32 + γ31)ψ¯1 − ψ¯2(α13 + γ23). (B.55)
24
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